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1. First problem set

Problem 1.1. Let A be an associative algebra over a field F. Let [·, ·] : A × A → A be
defined as [x, y] = xy − yx for every x, y ∈ A then [·, ·] is a Lie bracket on A.

Proof. Let x, y, z ∈ A and α, β ∈ F then [αx + βy, z] = (αx + βy)z − z(αx + βy) =
α(xz − zx) + β(yz − zy) = α[x, z] + β[y, z].

Also [z, αx+βy] = z(αx+βy)− (αx+βy)z = (zx−xz)α+(zy−yz)β = α[z, x]+β[z, y].
So, the bracket as defined is an F -bilinear map.

Now, consider [x, x] = xx− xx = 0 for ever x ∈ A.
Finally, we may proove the Jacobi identity, to this end, consider

[x, [y, z]]− [[x, y], z]+[y, [x, z]] = x(yz−zy)−(yz−zy)x−([x, y]z−z[x, y])+(y[x, z]− [x, z]y)

= x(yz − zy)− (yz − zy)x− (xy − yx)z + z(xy − yx) + y(xz − zx)− (xz − zx)y

= x(yz)−x(zy)−(yz)x−(zy)x−(xy)z−(yx)z+z(xy)−z(yx)+y(xz)−y(zx)−(xz)y−(zx)y = 0

This proves that the bracket defined is a Lie bracket. Notice that in the last step we need
A to be associative, in order to get the desired cancellation. �

Problem 1.2. Let A be an associative algebra. Then the set of derivations of A, Der(A) :=
{φ : A→ A ∈ gl(A) : φ(xy) = xφ(y) + φ(x)y for every x, y ∈ A} defines a Lie subalgebra of
gl(A)

Proof. To see that Der(A) is a subspace let φ, ψ ∈ Der(A) then (φ + ψ)(xy) = φ(xy) +
ψ(xy) = xφ(y)+φ(x)y+xψ(y)+ψ(x)y = x(φ(y)+ψ(y))+ (φ(x)+ψ(x))y = x(φ+ψ)(y)+
(φ+ ψ)(x)y

Let α ∈ F then (αφ)(xy) = φ((αx)y) = αxφ(y) + φ(αx)y = α(xφ(y) + φ(x)y) = αφ(x).
This proves that Der(A) is a subspace.

By definition of a subalgebra, we need that for any φ, ψ ∈ Der(A) then [φ, ψ] ∈ Der(A),
i.e., [φ, ψ](xy) = x[φ, ψ](y) + [φ, ψ](x)y. So, consider

[φ, ψ](xy) = (φψ−ψφ)(xy) = φ(ψ(xy))−ψ(φ(xy)) = φ(ψ(x)y+xψ(y))−ψ(φ(x)y+xφ(y))

= φψ(x)y + ψ(x)φ(y) + φ(x)ψ(y) + xφψ(y)− ψφ(x)y − φ(x)ψ(y)− ψ(x)φ(y)− xψφ(y)

= φψ(x)y + xφψ(y)− ψφ(x)y − xψφ(y) = (φψ(x)− ψφ(x))y + x(φψ(y)− ψφ(y))

= [φ, ψ](x)y + x[φ, ψ](y)

Which is the desired result. �



Problem 1.3. Let L be a Lie algebra. For x ∈ L let ad(x) ∈ gl(L) be defined by ad(x)y =
[x, y]. Then, ad(x) ∈ Der(A) (i.e. ad(L) ⊂ Der(A) where ad(L) = {ad(x) : x ∈ L})

Proof. We may prove that ad(x) : L → L is a Lie algebra’s homomorphisim for a fixed
x ∈ A. Since the bracket is bilinear then ad(x)(αy) = α · ad(x)y as well as ad(x)(y + z) =
ad(x)y + ad(x)z. Consider ad(x)(yz) = [x, yz] = x(yz)− (yz)x = (xy)z + (yx)z − y(xz)−
y(zx) = ad(x)y · z + y · ad(x)z. �

Problem 1.4. Let I and J be ideals in a Lie algebra L. Show that I + J , I ∩ J , and [I, J ]
are ideals in L.

Proof. First of all, lets write the definition of each subset,

• I + J = {x+ y : x ∈ I, y ∈ J}
• I ∩ J = {x : x ∈ I and y ∈ J}
• [I, J ] =span{[x, y] : x ∈ I and y ∈ J}

So, we will prove that I + J is an ideal. By definition, I + J is closed under addition,
so take α ∈ F and x + y ∈ I + J then α(x + y) = αx + αy ∈ I + J because αx ∈ I

and y ∈ J . Finally we need I + J to be closed under the bracket. Let w ∈ L then
[x+ y, w] = [x,w] + [y, w] ∈ I + J because [x,w] ∈ I and [y, w] ∈ J .
I ∩ J is clearly a subspace, to see that it is an ideal, let x, y ∈ I ∩ J . Then [x, y] ∈ I and

[x, y] ∈ J because x, y ∈ I and x, y ∈ J .
Now, let

∑
λi[xi, yi] ∈ [I, J ] and w ∈ L then [

∑
λi[xi, yi], w] =

∑
λi [[xi, yi], w] =∑

λi ([xi, [yi, w]]− [[xi, w], yi]) but ∈ I and [xi, w] ∈ I and [yi, w] ∈ J so [I, J ] is an ideal.
�

Problem 1.5. Let I be an ideal of the Lie algebra L. Define [·, ·] : L/I → L/I by [x+ I, y+
I] = [x, y] + I. Show that this bracket is a well defined Lie bracket in L/I.

Proof. Suppose that x + I = x′ + I ∈ L/I and y + I = y′ + I ∈ L/I then [x, y] + I =
[x+ I, y + I] = [x′ + I, y′ + I] = [x′, y′] + I, so [x, y]− [x′, y′] ∈ I then [x′, y′] = [x, y] + i for
some i ∈ I then [x′, y′] ∈ [x, y] + I.

First, notice that [x+ I, x+ I] = [x, x] + I = I (I is the zero coset in L/I). Now

[x+ I, [y + I, z + I]] + [z + I, [x+ I, y + I]] + [y + I, [x+ I, z + I]] =

[x+I, [y, z]+I]+[z+I, [x, y]+I]+[y+I, [x, z]+I] = [x, [y, z]]+[z, [x, y]]+[y, [x, z]]+I = I

This proves that the bracket is a well defined Lie bracket. �

Problem 1.6. Show that ad : L→ gl(L) is a homomorphisim of Lie algebras, with kernel
Z(L).



Proof. By bilinearity of the bracket we have ad(αx) = α·ad(x) and ad(x+y) = ad(x)+ad(y).
So, consider x, y, z ∈ L then ad([x, y])z = [[x, y], z] = [z, [y, x]] = [x, [y, z]] − [y, [x, z]] =
ad(x)[y, z]− ad(y)[x, z] = ad(x)ad(y)(z)− ad(y)ad(x)(z) = [ad(x), ad(y)](z).

Now consider x ∈ ker(ad) iff 0 = ad(x)y = [x, y] for every y ∈ L, iff x ∈ Z(L) therefore
ker(ad) = Z(L). �

Problem 1.7. Show that the kernel of a homomorphism of Lie algebras is an ideal. Show
that the image of a homomorphism is a subalgebra

Proof. Let φ ∈ gl(L), α a scalar in the field, and x, y ∈ kerφ. Then φ(x+y) = φ(x)+φ(y) =
0 which implies that x+y ∈ kerφ. Also, φ(αx) = αφ(x) = 0, so we may conclude that kerφ
is a subspace of the Lie algebra. Let x ∈ kerφ and y ∈ L then φ([x, y]) = [φ(x), φ(y)] =
[0, φ(y)] = 0 then [x, y] ∈ kerφ, hence kerφ is an ideal.

Let φ ∈ gl(L), α a scalar in the field, and x, y ∈ L. So, φ(x) + φ(y) = φ(x + y) implies
φ(x) + φ(y) ∈ Imφ. Also, αφ(x) = φ(αx), gives that Imφ is a subspace of the Lie algebra.
Let φ(x), φ(y) ∈ Imφ then [φ(x), φ(y)] = φ([x, y]), so [φ(x), φ(y)] ∈ Imφ, hence Imφ is a
subalgebra.

�

Problem 1.8. Let I be an ideal in a Lie algebra L. Show that the map π : L→ L/I defined
by π(x) = x+ I is a homomorphisim of Lie algebras.

Proof. First, we may note that π is a well defined map, since the cosets in L/I define a
partition, then for every x ∈ L there is a unique coset for which, x ∈ x + I ⊂ L/I. Now,
consider π(x+y) = x+y+I = (x+I)+(y+I) = π(x)+π(y) and π(αx) = αx+I = α(x+I) =
απ(x). Finally, we need to consider π([x, y]) = [x, y]+ I = [x+ I, y+ I] = [π(x), π(y)]. This
gives that π is a homomorphism of Lie algebras. �

2. Second problem set

Problem 2.1. Let e =

(
0 1
0 0

)
, f =

(
0 0
1 0

)
, and h =

(
1 0
0 −1

)
. Show that the basis

{e, f, h} of sl(2,C) diagonalizes ad(h). Find the eigenvalues.

Proof. Consider,

[h, e] =

(
0 1
0 0

)(
1 0
0 −1

)
−

(
1 0
0 −1

)(
0 1
0 0

)
= −2e

[h, f ] =

(
0 0
1 0

)(
1 0
0 −1

)
−

(
1 0
0 −1

)(
0 0
1 0

)
= −2f

And obviously [h, h] = 0 then the basis diagonalizes ad(h) �



Problem 2.2. Show that sl(2,C) has no proper, nontrivial ideals.

Proof. Let J ⊂ sl(2,C) be an ideal and A =

(
a b

c d

)
∈ J , then [e,A] =

(
c d− a

0 −c

)
∈ J ,

we now bracket this with h and find [h, [e,A]] = 2

(
0 a− d

0 c

)
∈ J . Finally, we hit this

with e again, to get − 1
2c [e, [h, [e,A]]] =

(
0 1
0 0

)
= e ∈ J that means e ∈ J .

Take a look at B = A − be =

(
a 0
c d

)
∈ J , because J is a subspace. Now, 1

−2c [h,B] =(
0 0
1 0

)
= f ∈ J . Then h = [e, f ] ∈ J . Since {e, f, h} are a basis then J = sl(2,C), which

yields the desired result. �

Problem 2.3. Fix a matrix S in gl(n,F) and define Ks =
{
x ∈ gl(n,F) : xtS = −Sx

}
.

Show that Ks is a Lie subalgebra of gl(n,F).

Proof. Given x, y ∈ Ks then (x+ y)tS = (xt + yt)S = xtS + ytS = −Sx− Sy = −S(x+ y)
then x + y ∈ Ks. Given α ∈ F then (αx)tS = α(xtS) = α(−Sx) = −Sαx so Ks is a
subspace. Finally, consider [x, y]tS = (xy− yx)tS = (xy)tS− (yx)tS = yt(xtS)−xt(ytS) =
yt(−Sx)−xt(−Sy) = Sxy−Syx = S[x, y]. Then [x, y] ∈ Ks, hence Ks is a subalgebra. �

Problem 2.4. Let V be a complex vector space of dimension n. Suppose x ∈ gl(V ) is
diagonalizable with eigenvalues d1, ..., dn. Show that ad(x) is diagonalizable with eigenvalues
di − dj , 1 ≤ i, j ≤ n.

Problem 2.5. Let I ⊂ L be an ideal. Show that L/I is abelian iff L′ ⊂ I

Proof. ⇒: If L/I is abelian then for every x + I, y + I ∈ L/I we have [x + I, y + I] =
[x, y] + I = I then [x, y] ∈ I for every x, y ∈ L hence L′ ⊂ I.
⇐: If L′ ⊂ I then for every x, y ∈ L, [x, y] ∈ I so [x+ I, y+ I] = [x, y] + I = I hence L/I

is abelian.
�

Problem 2.6. Let I be an ideal in a Lie algebra L. Show that all ideals of L/I are of the
form J/I where J is an ideal in L that contains I.

Proof. Let I ⊂ L be an ideal. Consider F = {J : I ⊂ J and J is an ideal in L} and G = {K :
K is an ideal in L/I}. Define Θ : F → G by Θ(J) = J/I.

We may show that Θ is a well-defined bijection, this yields the desired result. So first,
we may note that Θ is well-defined, given J an ideal in L containing I, take x + I ∈ J/I



and y+ I ∈ L/I then [x+ I, y+ I] = [x, y] + I = I since x ∈ J and y ∈ L and J is an ideal,
then J/I is an ideal in L/I.

Now, Θ(I) = I then Θ is injective. To see that Θ is surjective, take an ideal M ⊂ L/I,
let x+ I ∈M and y + I ∈ L/I then [x+ I, y + I] = [x, y] + I ∈M then let M̃ = Θ−1(M),
by the previous argument, M̃ is an ideal in L that contains I and Θ(M̃) = M

Then Θ is a bijection between the set of ideals in L/I and the ideals in L containing I.
�

Problem 2.7. Suppose that L is a two-dimensional Lie algebra over the field F. Show that
L′ = F[x, y] where {x, y} is any basis of L.

Proof. Since every element in L is a linear combination of {x, y} then consider m,m′ ∈ L

then [m,m′] = [αx + βy, α′x + β′y] = [αx, β′y] + [βy, α′x] = (αβ′ + βα′)[x, y], then this
result can be extended linearly to L′ = span {[w, z] : w, z ∈ L} = F[x, y]. �

Problem 2.8. Let L be a Lie algebra. Show that L/Z(L) is isomorphic to a subspace of
gl(L).

Proof. Define π : L → gl(L) by π(x) = ad(x) by Problem 1.6 π is a homomorphisim with
kernel Z(L) by Problem 1.7 Imπ is a subalgebra. Invoking the first isomorphism theorem
completes the proof. �

Problem 2.9. Show that gl(2,C) ∼= sl(2,C)⊕ C

Proof. Let ψ : C → sl(2,C) be an embeding defined as ψ(z) =

(
z 0
0 −z

)
. Notice that

kerψ = 0, then Imψ ∼= C. Now let φ : gl(2,C) → C by φ(A) = Tr(A) then kerφ = sl(2,C).
By the first isomorphism theorem we have gl(2,C)/sl(2,C) ∼= C. But sl(2,C)⊕C/sl(2,C) ∼=
C, so, gl(2,C) ∼= sl(2,C)⊕ C. �

3. Third problem set

Problem 3.1. Show that L is solvable iff each L(j) is solvable. Verify that I is an ideal of
L, then (L/I)(j) = (L(j) + I)/I. Show that L is solvable iff ad(L) is solvable in gl(L).

Proof. Suppose L is solvable then there exists m ≥ 1 so that L(m) = 0 since L(m) ⊂ L(n)

for every n ≤ m, then every L(n) is solvable, since
(
L(n)

)(m−n)
= 0. On the other hand, if

each L(j) is solvable, then there exists a m ≥ 1 so that L(m) = 0, hence L is solvable.
Now, notice that x ∈ (L/I)′ can be written as x =

∑
[xj + I, yj + I] =

∑
[xj , yj ] +

I ∈ (L′ + I)/I for xj , yj ∈ L, on the other hand, for z ∈ (L′ + I)/I and w ∈ I we
have z =

∑
[xj , yj ] + w + I =

∑
[xj , yj ] + I =

∑
[xj + I, yj + I] ∈ (L/I)′. This gives

(L/I)′ = (L′ + I)/I. Simple induction completes the proof.



Suppose that L is solvable, then ad(L) is solvable, since it is the homomorphic image of
a solvable Lie algebra. On the other hand, if ad(L) is solvable, then there exists m ≥ 1 so
that ad(L)(m) = 0 then note that L(m) ⊂ ad(L)(m) = Lm = 0 hence L(m) = 0 thus L is
solvable. �

Problem 3.2. Let L be a Lie algebra, I a solvable ideal, and K a solvable subalgebra.
Does the argument given in class extend to prove that I +K is a solvable subalgebra? Yes.
If L is not solvable then rad(L) is contained in every maximal solvable subalgebra.

Proof. Suppose L is not solvable, then rad(L) 6= L. Suppose K is a solvable subalge-
bra, which does not contain rad(L) then K + rad(L) ⊃ K is solvable, which contradicts
maximality of K. �

Problem 3.3. Show that TFAE:

(1) L is solvable
(2) ad[L,L](x) where x ∈ [L,L] is a nilpotent endomorphism of [L,L]
(3) [L,L] is nilpotent

Proof. (1) ⇒ (2): First of all notice that ad[L,L](x)(z) ∈ [L(1), L(1)] for all z ∈ [L,L] and
that adn

[L,L](x)(w) ∈ [L(1), L(n)] for all w ∈ [L,L]. But L solvable implies that there exists

m ≥ 1 so that L(m) = 0 hence [L(1), L(m)] = 0 = adm
[L,L](x).

(2) ⇒ (3): Directly by applying Engel’s theorem.
(3) ⇒ (1): If [L,L] is nilpotent, then is solvable, then there exists m ≥ 1 so that (L′)(m) =
L(m+1) = 0 then L is solvable. �

Problem 3.4. Show that the center of gl(n,F) is the space of scalar multiples of the
identity. Show that the center of sl(n,F) is 0, unless char(F) divides n, in which case the
center is the space of scalar multiples of the identity.

Proof. Let A = αI and B ∈ gl(n,F) then [A,B] = (αI)B − B(αI) = αB − αB = 0 then
A ∈ Z(gl(n,F)). On the other hand, let C = (cij) ∈ Z(gl(n,F)). Then by computing
0 = [C,

∑
iEij ] = C(

∑
iEij)− (

∑
iEij)C for a fixed 1 ≤ j ≤ n, we note that the only terms

that cancel are the cii so the rest must be zero. So far, C must be a diagonal matrix, but
by comparing each term in the diagonal pairwise (by applying the bracket to the respective
Eij) we obtain that every element in the diagonal must be equal.

Consider Z(sl(n,F)) ⊂ Z(gl(n,F)), then A ∈ Z(sl(n,F)) implies A = αI then Tr(A) =
nα = 0, so either α = 0 or char(F) = k · n for some integer k ≥ 1. �

Problem 3.5. Show that in gl(n,F), the subalgebra of upper triangular matrices K is a
maximal solvable subalgebra.

Proof. Since K(n) = 0 then K is solvable. �



Problem 3.6. Show that in gl(n,F), the transpose map A 7→ At satisfies [A,B]t =
−[At, Bt]. Show that a subalgebra K is solvable (resp. nilpotent) iff Kt is solvable (resp.
nilpotent). Show that rad(L) is invariant under the transpose.

Proof. [A,B]t = (AB − BA)t = BtAt − AtBt = −[At, Bt]. Suppose K is solvable (resp.
nilpotent) then there exists n ≥ 1 (resp m ≥ 1) so that 0 = (K(m))t = [K(m−1),K(m−1)]t =
−[(K(m−1))t, (K(m−1))t], (resp. 0 = (Km)t = [K,Km−1]t = −[Kt, (Km−1)t]). Then Kt is
solvable (resp. nilpotent). By symmetry (K = (Kt)t), we obtain the only if part. �

Problem 3.7. Show that the radical of gl(n,F) is Z(gl(n,F)). Identify the radical of
sl(n,F). Under what condition(s) will sl(n,F) be semisimple?

Proof. Since gl(n,F) is not solvable, then by problem (3.2) then rad(gl(n,F)) ⊂ Z(gl(n,F)).
On the other hand, since Z(gl(n,F)) is a solvable ideal of gl(n,F) then Z(gl(n,F)) ⊂
rad(gl(n,F)).

For sl(n,F), just as in (3.4) if char(F) divides n, then rad(sl(n,F)) is the space of
multiples of the identity. Otherwhise sl(n,F) is semisimple. �

Problem 3.8. (1) Let A : V → V be a linear map (dimV < ∞). Suppose that v 6= 0
and for some power of A kills v. Let r ≥ 1 be the least integer for which Arv = 0.
Let W = span(B) where B =

{
Ar−1v, ..., Av, v

}
. Show that,

(a) W is A-invariant
(b) B is a linearly independent set. Find the matrix of AW : V → V with respect

to B.
(2) If x : V → V is linear α ∈ F, and a power of A = x − αI kills v 6= 0. Let

W = span
{
Ajv : 0 ≤ j

}
. Show that W is x-invariant and use part (1) to find a

basis of W and the matrix of x with respect to this basis.

Proof. (1) Since AB =
{
Ar−1v, ..., Av

}
⊂ B then W is A-invariant. To see that B is

linearly independent, consider the linear combination α0v+α1Av+...+αr−1A
r−1v =

0, then apply Ar−1 to obtain that α0A
r−1 = 0 hence α0 = 0, continuing inductively

reducing by one the power of A to apply in each step, we obtain that αj = 0 for all
0 ≤ j ≤ r − 1, hence B is linearly independent. By applying A to each term of the
basis, we notice that the matrix will be consisting of ones in the supdiagonal and
zeros everywhere else. 

0 1 0 ... 0
0 0 1 ... 0
...

...
...

...
...

0 0 0 ... 0





(2) Apply part (1) to A = x− αI to obtain the eigenspace of α.
�

4. Fourth set of problems

Problem 4.1. Let N : V → V be a nilpotent linear map (dimV < ∞). Let v 6= 0. We
call the space span

{
v,Nv,N2v, ...

}
the N -cyclic spaces generated by v. Show that V is

the direct sum of N -cyclic subspaces.

Proof. By induction on dimV . If dimV = 1 then V = span {v} for some v 6= 0 and there is
nothing to prove.

Suppose that the conclusion of the proposition is true for any space with dim < dimV .
Let N : V → V be a nilpotent linear map. Let m ≥ 1 be the smallest integer so that
Nm ≡ 0. Let K = kerN := {x ∈ V : Nx = 0}. If kerN = {0} then N cannot be nilpotent,
so dim(kerN) ≥ 1.

Consider Ṽ = V/ kerN . Define Ñ : Ṽ → Ṽ by Ñ(v + kerN) = N(v) + kerN . Clearly if
N is nilpotent, so is Ñ . Since dimṼ < dimV then, Ṽ is the product of N -cyclic spaces, say

Ṽ =
⊕

1≤j≤r

{
v̄j , Ñ v̄j , Ñ

2v̄j , ..., Ñ
mj v̄j

}
by induction hypothesis, and they are all linearly independent. Notice that Ñmj+1v̄j = 0
which implies that Nmj+1vj ∈ kerN now we will claim that

{
Nmj+1vj : 1 ≤ j ≤ r

}
are

linearly independent. Consider a linear combination

0 =
r∑

j=1

ajN
mj+1vj = N

 r∑
j=1

ajN
mjvj


then, ajN

mjvj ∈ kerN so Ñ
(∑r

j=1 ajÑ
mj v̄j

)
= 0 =

∑r
j=1 ajÑ

mj+1v̄j , but then aj = 0

for every 1 ≤ j ≤ r. But then the
{
vj , Nvj , ..., N

mj+1vj

}
generate V , as desired. �

Problem 4.2. (1) Show that if x : V → V is diagonalizable and the subspace W is
x-invariant, then the restriction of x to W is diagonalizable.

(2) Show that if x, y : V → V are diagonalizable and [x, y] = 0, then x and y are
simultaneously diagonalizable. (i.e. there exists an eigenbasis of B for both x and
y).

Proof. (1) Let V = Vλ1 ⊕ ... ⊕ Vλn where {λ1, ..., λn} are eigenvalues of x then by the
modulo law, since W is invariant under x, we have W = (W ∩Vλ1)⊕ ...⊕ (W ∩Vλn),
which gives that W is the direct sum of eigenspaces of the restriction of x, hence
the restriction of x is diagonalizable.



(2) Let V = Vλ1⊕ ...⊕Vλn where {λ1, ..., λn} are eigenvalues of x then let v ∈ Vλi
, since

[x, y] = 0 then xy(v) = yx(v) = y(λiv) = λiy(v) but then y leaves Vλi
invariant,

so by (1) y restricted to each Vλi
is diagonalizable. Then, there exists a basis of

eigenvectors of y that form Vλi
wich are also eigenvectors of x. So there exists a

basis of common eigenvectors for x and y, so they are simultaneously diagonalizable.
�

Problem 4.3. If F is an algebraically closed field, then there exist x-invariant subspaces
Vi ⊂ V with V = V1 ⊕ ... ⊕ Vm so that x|Vi has a matrix with respect to some basis with
the form

x|Vi 7→


a1 1 0 ... 0
0 a2 1 ... 0
...

...
...

...
...

0 0 0 ... am


Proof. By the primary decomposition theorem we have that V =

⊕r
j=1 ker(x − ajIv)mj =⊕r

j=1Wj , where each Wj is x-invariant.
Now consider Nj = (x− ajIv)|Wj : Wj →Wj . Since Wj = ker(x− ajIv)mj then Nmj

j ≡ 0
so Nj is nilpotent, then by Problem (4.1) each Wj decomposes into Nj-cyclic subspaces,
then Problem (3.8) gives the form of the matrix.

�

Problem 4.4. Show that for x ∈ gl(V ) the Jordan decomposition x = xs + xn into
semisimple and nilpotent parts is unique.

Proof. Suppose there are two Jordan decompositions x = xs +xn = x′s +x′n then xn−x′n =
x′s−xs is a both nilpotent and semisimple operator, hence xn−x′n = x′s−xs = 0 so xs = x′s
and xn = x′n. �

Problem 4.5. Show that the Lie algebra L is semisimple iff L contains no abelian ideals.

Proof. Since every abelian ideal is automatically solvable then L semisimple cannot contain
any abelian ideal, by the definition of semisimplicity.

On the other hand, suppose that L contains no abelian ideals and suppose I is a solvable
ideal of L, then there exists m ≥ 1 so that I(m) = 0 but then I(m−1) is abelian, which is a
contradiction, so L contains no solvable ideals, hence L is semisimple. �

Problem 4.6. Show that the Lie algebra L is solvable iff [L,L] ⊂ rad(κ) where κ is the
Killing form. (i.e. κ(x, y) = Tr(ad(x), ad(y)), for all x, y ∈ L).

Proof. ⇐ Suppose that [L,L] ⊂ rad(κ) then κ(x, y) = 0 for all x ∈ [L,L] and y ∈ L then
by the corollary of Cartan’s criterion, L is solvable.



⇒ If L is solvable, then by Lie’s theorem we have that x ∈ L is upper triangularized, in
particular Tr(ad(x), ad(y)) = 0 for any x, y ∈ L so [L,L] ⊂ rad(κ). �

Problem 4.7. Let B : V × V → F be a symmetric bilinear form on V (dimV <∞). fix a
basis β = {v1, ..., vn} of V and define the n × n matrix M = [B(vi, vj)]. Let v ∈ V . Note
that if ai ∈ F satisfy the equation v =

∑n
i=1 aivi, then the column vector [a1, ..., an]t is a

solution of the matrix equation

(1) M


x1

...
xn

 =


B(v, v1)

...
B(v, vn)


(1) Show that B is nondegenerate iff det(M) 6= 0
(2) Assume B is nondegenerate and suppose W is a subspace of V . Let W⊥ =

{v ∈ V : B(v, w) = 0 for all w ∈W}. Show that dimV = dimW + dimW⊥.
(3) Give a low-dimensional example of a vector space V , a nondegenerate symmetric

bilinear form B and a subspace W for which W ∩W⊥ 6= 0.
(4) Assume B is nondegenerate and suppose W is a subspace of V for which W ∩W⊥ =

0. Show that V = W ⊕W⊥, W = (W⊥)⊥, and B|W is non-degenerate.

Proof. (1) If B is nondegenerate then the only solution of the homogeneous system (1)
has to be the trivial solution, so det(M) 6= 0. The same for the converse.

(2) Let w̃ ∈W⊥ and write it as w̃ =
∑
aivi then,

M


a1

...
an

 =


B(w̃, v1)

...
B(w̃, vn)


then B(w̃, vi) =

∑
ajB(vj , vi) then for every vi in the basis of W , B(w̃, vi) = 0,

but by nondegeneracy, we must have that B(vi, vj) = 0 if vi ∈W and vj ∈W⊥ then
dimW⊥ + dimW ≤ dimV but V = W ∪W bot so dimW⊥ + dimW = dimV .

(3) The fact that V = W ⊕W⊥ follows from the previous item and nondegeneracy gives
that W ∩W⊥ = 0. Now let w ∈ W⊥ then B(v, w) = 0 for every v ∈ (W⊥)⊥ so
(W⊥)⊥ ⊂W , on the other hand if w ∈W then B(v, w) = 0 for every v ∈W⊥ then
W ⊂ (W⊥)⊥.

�

5. Fifth set of problems

Problem 5.1. Let Li, 1 ≤ i ≤ n be Lie algebras and let L = L1⊕ ...⊕Ln denote de exterior
direct sum.

(1) Show that L̃i = (0, 0, ..., Li, 0, ...0) is an ideal of L



(2) Show that Z(L) = Z(L1)⊕ ...⊕ Z(Ln) and [L,L] = [L1, L1]⊕ ...⊕ [Ln, Ln].

Proof. Let x ∈ L̃i and y ∈ L be written as x = (0, ..., 0, xi, 0, ...0) and y = (y1, ..., yn) then
[x, y] =

∑
[xi, yi] = [0, y1] + ...+ [xi, yi] + ...+ [0, yn] = (0, 0, ..., [xi, yi], 0, ..., 0) ∈ L̃i, then L̃i

is an ideal.
The other part follows from theorem in class and induction. �

Problem 5.2. Suppose that L is a Lie algebra, Ii are ideals of L, and that L = I1⊕ ...⊕ In
as vector spaces. Then L ∼= I1 ⊕ ...⊕ In (exterior direct sum).

Proof. Let L̃ = I1⊕...⊕In as exterior direct sum, we may show that L ∼= L̃. Define φ : L̃→ L

for x = x1 + ...+ xn ∈ L̃ as φ(x) = (x1, ..., xn). Now the representation of x = x1 + ...+ xn

is unique, then φ is well-defined. Also φ(x) = 0 iff x = 0 is clear, so kerφ = {0} hence φ is
injective. Let (x1, ..., xn) ∈ L then φ(x) = φ(x1 + ...+ xn) = (x1, ..., xn) and φ is surjective.

Now if α, β ∈ F and x = x1 + ... + xn and y = y1 + ... + yn then φ(αx + βy) =
(αx1 + βy1, ..., αxn + βyn) = α(x1, ..., xn) + β(y1, ..., yn) = αφ(x) + βφ(y). So, φ is a linear
map.

Now,

φ([x, y]) = φ([x1, y1] + ...+ [xn, yn]) = ([x1, y1], ..., [xn, yn])

= [(x1, ..., xn), (y1, ..., yn)] = [φ(x), φ(y)]

and φ is a Lie algebras isomorphism and this gives the desired result. �

Problem 5.3. (1) If L is simple then L is semisimple, L′ = L, and Z(L) = 0.
(2) Suppose L = I1⊕ ...⊕ In (as vector spaces) where each Ii is a simple ideal in L. Let

pi : L → Ii be defined by pi(x) = xi where x = (x1, ..., xn). Show that pi is a Lie
algebras homomorphism.

(3) Suppose J ⊂ L is an ideal then pi(J) ⊂ Ii is an ideal of Ii.
(4) L is semisimple.

Proof. (1) Since L′ ⊂ L is an ideal, then either L′ = {0} or L′ = L but if L′ = {0} then
L is abelian, but by definition of simple Lie algebra, L is not abelian, so L′ = L,
which implies that L is semisimple. Since L(n) = L for any n ≥ 1. The same for
Z(L) = L implies L is abelian, so it follows that Z(L) = {0}.

(2) Let α, β ∈ F. Let x = (x1, ..., xn) and y = (y1, ..., yn). Then pi(αx + βy) =
pi((αx1 + βy1, ..., αxn + βyn)) = αxi + βyi = αpi(x) + βpi(y) and pi([x, y]) =
pi(([x1, y1], ..., [xn, yn])) = [xi, yi] = [pi(x), pi(y)]. Then pi is a Lie algebras homo-
morphism.

(3) Let x = (x1, ..., xn) ∈ J and y = (y1, ..., yn) ∈ L then [x, y] = ([x1, y1], ..., [xn, yn]) ∈
J , then pi([x, y]) = [xi, yi] = [pi(x), pi(y)] ∈ pi(J) this is true for any arbitrary y ∈ L



and x ∈ J . So, for any x′ ∈ pi(J) and y′ ∈ Ii, then [x′, y′] ∈ pi(J), so pi(J) is an
ideal in Ii.

(4) Consider L′ ⊂ L be an ideal, by the previous result pi(L′) is an ideal of Ii for each
1 ≤ i ≤ n but each Ii is simple, so either pi(L′) = Ii or pi(L′) = 0, if pi(L′) = Ii

for all 1 ≤ i ≤ n then L′ = L and L is semisimple. So, suppose this is not true for
some 1 ≤ j ≤ n then pi(L′) = 0 but this implies that I ′i = 0 so Ii is abelian, but Ii
is simple so this cannot happend. So, L is semisimple.

�

Problem 5.4. Suppose that 0 ⊂ I1 ⊂ I2 ⊂ ... ⊂ In = L where dimIk = k then L is
solvable.

Proof. Since dimIi+1/Ii = 1 then each quotient is abelian. So, we may apply theorem in
class to conclude that L is solvable. �

Problem 5.5. Suppose that φ : L→ gl(V ) is a representation of L. Let L̃ = L/ kerφ.

(1) Show that φ̃ : L̃ → gl(V ) defined by φ̃(x + kerφ) = φ(x) is a well-defined faithful
representation.

(2) φ is irreducible iff φ̃ is irreducible.

Proof. (1) To see that φ̃ is well-defined, let x + kerφ = x′ + kerφ then φ(x) = φ̃(x +
kerφ) = φ̃(x′ + kerφ) = φ(x′), so φ̃ is well-defined. Also φ̃(x+ kerφ+ y + kerφ) =
φ̃(x + y + kerφ) = φ(x + y) = φ(x) + φ(y) = φ̃(x + kerφ) + φ̃(y + kerφ) and
φ̃(αx + kerφ) = φ(αx) = αφ(x) = αφ̃(x + kerφ). So φ̃ is a well-defined linear
map. Now, φ̃([x + kerφ, y + kerφ]) = φ̃([x, y] + kerφ) = φ([x, y]) = [φ(x), φ(y)] =
[φ̃(x), φ̃(y)] gives that φ̃ is a representation.

To show that φ̃ is faithful, let x + kerφ ∈ ker φ̃ then φ̃(x + kerφ) = φ(x) = 0 so
x ∈ kerφ so x+ kerφ = 0 in L̃ and so φ̃ is faithful.

�

Problem 5.6. (1) Show that if the L-module V decomposes as V = U ⊕W where U
and W are invariant. Then pu(U +W ) = U lies in HomL(V,U).

(2) Suppose that the L-module V is completely reducible and that HomL(V, V ) = FIv
then V is irreducible.

Proof. (1) Let u+ w and u′ + w′ ∈ V . Let α, β ∈ F then pu(α(u+ w) + β(u′ + w′)) =
pu(αu+ βu′ + αw + βw′) = αu+ βu′ = αpu(u+ w) + βpu(u′ + w′). Now let x ∈ V
then U , W invariant, implies xu ∈ U and xw ∈ U so pu(x(u+w)) = pu(xu+xw) =
xu = xpu(u+ w) then pu is an intertwinning map.



(2) Since V is completely reducible then every submodule has a complement, but then
the projection map lies in HomL(V, V ) then pu(U +W ) = U implies that W = {0},
then V is irreducible.

�

6. Sixth Problem Set

Problem 6.1. Suppose that V and W are L-modules. Show that the following spaces are
L-modules with the given definitions:

(1) For f ∈ V ∗ and x ∈ L define x.f by (x.f)(v) = −f(x.v).
(2) For v ∈ V , w ∈W and x ∈ L, define x.(v ⊗ w) = (x.v)⊗ w + v ⊗ (x.w)
(3) For f ∈ HomF(V,W ), v ∈ V and x ∈ L define x.f ∈ HomF(V,W ) by (x.f)(v) =

x.f(v) − f(x.v). Show that the definition follows from the two previous ones and
the isomorphism HomF(V,W ) ∼= V ∗ ⊗W .

Proof. (1) Let x, y ∈ L, and f, g ∈ V ∗ then x.(f + g)(v) = −(f + g)(x.v) = −f(x.v)−
g(x.v) = (x.f)(v) + (x.g)(v) also ((x+ y).f)(v) = −f((x+ y).v) = −f(x.v + y.v) =
−f(x.v)− f(y.v) = (x.f)(v)+ (y.f)(v) and ([x, y].f)(v) = −f([x, y].v) = −f(xy.v−
yx.v) = −f(xy.v) + f(yx.v) = (xy.f)(v)− (yx.f)(v) so V ∗ is an L-module.

(2) Let x, y ∈ L, v, v′ ∈ V and w,w′ ∈W then (x+ y).(v ⊗ w) = ((x+ y).v)⊗ w + v ⊗
((x+y).w) = (x.v+y.v)⊗w+v⊗ (x.w+y.w) = (x.v+y.v)⊗w+v⊗ (x.w+y.w) =
x.v ⊗ w + y.v ⊗ w + v ⊗ x.w + v ⊗ y.w = x.(v ⊗ w) + y.(v ⊗ w)

Also x.(v⊗w+ v′⊗w′) = x.((v+ v′)⊗ (w+w′)) = (x.(v+ v′))⊗ (w+w′) + (v+
v′)⊗ (x.(w+w′)) = x.v⊗w+x.v′⊗w′+v⊗x.w+v′⊗x.w′ = x.(v×w)+x.(v′×w′).
Now [x, y].(v × w) = (xy − yx).(v × w) = ((xy − yx).v)⊗ w + v ⊗ ((xy − yx).w) =
(xy.v)⊗w− yx.v⊗w+ v⊗ (xy.w)− v⊗ (yx.w) = xy.v⊗w+ v⊗ (xy.w)− (yx.v⊗
w + v ⊗ (yx.w)) = xy.(v ⊗ w)− yx.(v ⊗ w).

(3) Given f ∈ HomF(V,W ) there exists g ∈ V ∗ and w ∈ W so that f 7→ (g, w) then
(x.f)(v) = x.(g⊗w)(v) = (x.g⊗w)(v)+ (g⊗x.w)(v) = −g(x.v)⊗w+ g(v)⊗x.w =
x.(f(v))− f(x.v).

�

Problem 6.2. Fix a bilinear, nondegenerate, symmetric form B on a Lie algebra L. Sup-
pose that φ is a representation of L. We defined the Casimir cφ in terms of the basis of L
(and its dual basis). Show that the expression for cφ is independent of the basis.

Proof. Consider two basis for L, B = {x1, ..., xn} and B′ = {x′1, ..., x′n}, and their corre-
sponding dual basis with respect to B, A = {y1, ..., yn} and A′ = {y′1, ..., y′n}. Then we
can write xi =

∑
j aijx

′
j and in this fashion get the matrix A = (aij) so that (x1, ..., xn)t =

A(x′1, ..., x
′
n)t.



Let X = (x1, ..., xn)t and Y = (y1, ..., yn)t as well as the primed vectors. If we denote
by M the matrix associated to the bilinear form, then In = XMY and In = X ′MY ′ =
A−1AX ′MY ′ = A−1XMY ′ but then yi =

∑
j a

jiy′j where A−1 = (aij). So now, we may
consider,

cφ(B) =
n∑

i=1

φ(xi)φ(yi) =
n∑

i=1

φ

 n∑
j=1

aijx
′
j

φ

 n∑
j=1

ajiy′j

 =
n∑

i=1

n∑
j=1

aija
jiφ
(
x′j
)
φ
(
y′j
)

=
n∑

i=1

φ
(
x′j
)
φ
(
y′j
)

Which is the desired result. �

Problem 6.3. Let L be a semisimple Lie algebra and suppose that φ : L → gl(V ) is a
faithful repersentation (where F is an algebraically closed field with characteristic zero and
dimV <∞)

(1) If V is irreducible and Bφ(x, y) = Tr(φ(x)φ(y)) then cφ = dimL
dimV IV .

(2) If φ is not faithful, show that there exists an ideal I ⊂ L so that φI : I → gl(V ) is
faithful and that cφI

∈ HomL(V, V ).

Proof. (1) Notice that Tr(cφ) =
∑
Bφ(xi, yi) = dimL. Since φ is faithful and L

semisimple then V is completely reducible and φ acts by φ|W = λidW then cφ = αIV

so Tr(cφ) = αdimV = dimL so cφ = dimL
dimV IV

(2) Suppose that φ is not faithful, then kerφ 6= 0. Since L semisimple then kerφ =⊕
j∈S Ij then let I = ⊕j∈ScIj then φI is a faithful representation on I.

�

Problem 6.4. We say that a Lie algebra L is reductive if rad(L) = Z(L).

(1) If L is reductive, show that L is completely reducible as an ad(L)-module.
(2) Prove the converse of (1)
(3) Show that if L is reductive, then L = [L,L]⊕ Z(L), where [L,L] is semisimple.
(4) Prove the converse of (3)

Proof. (1) Let φ : ad(L) → gl(L) by φ(ad(x)) = ad(x), clearly φ is one-to-one. If ad(L)
is solvable then L′ ⊂ L and L/L′ is abelian. Also L/rad(L) = L/Z(L) has no proper
ideals, so either rad(L) = 0 or rad(L) = L if rad(L) = L then L would be solvable
then ad(L) = 0 hence completely reducible. Otherwhise if rad(L) = 0 then L is
semisimple then L is completely reducible.

(2) If L = I1 ⊕ ... ⊕ In where each Ij is an ideal then [L,L] = [I1, I1] ⊕ ... ⊕ [In, In].
Since each ideal is simple, then either [Ij , Ij ] = Ij or [Ij , Ij ] = 0 in the second case
Ij ⊂ rad(L) and Ij ⊂ Z(L) hence rad(L) = Z(L).



(3) If L is reductive, then ker ad = Z(L) = rad(L) and =ad = L′ gives L = rad(L)⊕L′,
now L′ semisimple comes from the fact that L′ ∼= L/Z(L) = L/rad(L) is semisimple.

(4) If L = [L,L]⊕ Z(L), where [L,L] ∼= L/Z(L) is semisimple, then by correspondence
theorem there is no solvable ideal that contains Z(L) hence rad(L) = Z(L), hence
L is reductive.

�

7. Seventh problem set

Problem 7.1. Let L = sl(n+1,F). Let H = span {Eii − Ei+1,i+1 : 1 ≤ i ≤ n}. Show that
the root vectors are Eij (i 6= j).

Proof. Let h =
∑
λi(Eii − Ei+1,i+1) ∈ H then [h,Eij ] =

∑
λi(EkkEij − Ek+1,k+1Eij −

EijEkk +EijEk+1,k+1) =
∑
λi(δkiEij − δk+1,iEij − δkjEij + δj,k+1Eij) = λiEij − λi−1Eij −

λjEij + λj−1Eij = (λi − λi−1 − λj + λj−1)Eij �

Problem 7.2. Let L = sp(2n,F) =

{
x ∈ gl(2n,F) :

(
0 In

−In 0

)
x = −xt

(
0 In

−In 0

)}

(1) Write x =

(
a b

c d

)
find all the conditions on x so that x ∈ L

(2) Let H = span {Eii − Ei+n,i+n : 1 ≤ i ≤ n}. Show that the root vectors are:
{Eij − Ej+n,i+n : 1 ≤ i 6= j ≤ n} ∪ {Ei,i+n : 1 ≤ i ≤ n} ∪ {Ei,j+n + Ej,i+n}

Proof. When block multiplying(
0 In

−In 0

)(
a b

c d

)
=

(
at ct

bt dt

)(
0 −In
In 0

)
one obtains the following conditions: −a = dt, b = bt, and c = ct.

Let h =
∑
λi(Eii − Ei+n,i+n) ∈ H then

[h,Eij ]− [h,Ej+n,i+n] =
∑

λk(EkkEij − Ek+n,k+nEij − EijEkk + EijEk+n,k+n)

−
∑

λk(EkkEj+n,i+n − Ek+n,k+nEj+n,i+n − Ej+n,i+nEkk + Ej+n,i+nEk+n,k+n)

=
∑

λk(δikEij − δjkEij)− λk(δikEj+n,i+n − δjkEj+n,i+n)

= (λi − λj)(Eij − Ej+n,i+n)

Now,

[h,Ei,j+n]+ [h,Ej,i+n] =
∑

λk(EkkEi,j+n−Ek+n,k+nEi,j+n−Ei,j+nEkk +Ei,j+nEk+n,k+n)

+
∑

λk(EkkEj,i+n − Ek+n,k+nEj,i+n − Ej,i+nEkk + Ej,i+nEk+n,k+n)

=
∑

λk (δkiEi,j+n + δkjEi,j+n + δkjEj,i+n + EkiEj+n,i+n)



= (λi + λj)(Ei,j+n + Ei+n,j)

and,

[h,Ei,i+n] =
∑

λk(EkkEi,i+n − Ek+n,k+nEi,i+n − Ei,i+nEkk + Ei,i+nEk+n,k+n)

=
∑

λk(δkiEi,i+n + δkiEi,i+n)

= 2λiEi,i+n

�

Problem 7.3. Let L = o(2n+1,F) =

x ∈ gl(2n,F) :

1 0 0
0 0 In

0 −In 0

x = −xt

1 0 0
0 0 In

0 −In 0




(1) Write x =

a b c

d e f

g h i

 and find all the conditions on x so that x ∈ L

(2) Let H = span {Eii − Ei+n,i+n : 2 ≤ i ≤ n+ 1}. Show that the root vectors are:
(a) {Ei+1,j+1 − Ej+n+1,i+n+1 : 1 ≤ i 6= j ≤ n},
(b) {Ei+1,j+n+1 + Ej+1,i+n+1 : 1 ≤ i < j ≤ n}
(c) {E1,i+n+1 − Ei+1,1 : 1 ≤ i ≤ n}
(d) {E1,i+1 − Ei+n+1,1 : 1 ≤ i ≤ n}
(e) {Ei+1,j+1 − Ej+n+1,i+1 : 1 ≤ i 6= j ≤ n}

Proof. Let x =

a b c

d e f

g h i

 where e, f, g, h, i are n × n matrices, b, c are row vectors, d, g

are column vectors and a ∈ F. Then1 0 0
0 0 In

0 −In 0


a b c

d e f

g h i

 =

a dt gt

bt et ht

ct f t it


−1 0 0

0 0 −In
0 In 0


gives the following conditions,

(1) −bt = g

(2) −ct = d

(3) −it = e

(4) −f t = f

(5) −ht = h

(6) a = −a = 0 then (5) and (4) give Tr(x) = 0. Now the root vectors,
(a) {Ei+1,j+1 − Ej+n+1,i+n+1 : 1 ≤ i 6= j ≤ n} → (λi+1 − λj+1), as in the previous

exercise.



(b) {Ei+1,j+n+1 + Ej+1,i+n+1 : 1 ≤ i < j ≤ n} → (λi+1 + λj+1), as in the previous
exercise.

(c) {E1,i+n+1 − Ei+1,1 : 1 ≤ i ≤ n} → (λ1 − λi+1)
(d) {E1,i+1 − Ei+n+1,1 : 1 ≤ i ≤ n} → (λi+1 − λ1)
(e) {Ei+1,j+1 − Ej+n+1,i+1 : 1 ≤ i 6= j ≤ n} → (λi+1 + λj+1).

�

Problem 7.4. Let L = o(2n,F) =

{
x ∈ gl(2n,F) :

(
0 In

In 0

)
x = −xt

(
0 In

In 0

)}
(1) Write x ∈ L in block form and the termine the conditions on the blocks.
(2) Find an obvious n-dimensional Cartan subalgebra H, the root vectors, and the

roots.

Proof. Write x =

(
a b

c d

)
then the conditions for the blocks are ct = −b and at = −d.

As in Problem (7.3), we may write H = span {Eii − Ei+n,i+n : 1 ≤ i ≤ n} and the root
vectors are:

(1) {Eij − Ej+n,i+n : 1 ≤ i 6= j ≤ n} → (λi − λj).
(2) {Ei,j+n + Ej,i+n : 1 ≤ i < j ≤ n} → (λi + λj).
(3) {Eij − Ej+n,i : 1 ≤ i 6= j ≤ n} → (λi − λj).

�

Problem 7.5. Let L be a semisimple Lie algebra and suppose that x = xs + xn is the
abstract Jordan decomposition of x. Let φ : L→ gl(V ) be a representation of L.

(1) Show that the restriction of ad(φ(xs)) to φ(L) is semisimple.
(2) Show that the restriction of ad(φ(xn)) to φ(L) is nilpotent.

Proof. (1) Since ad(xs) is semisimple, L is the sum of eigenspaces of ad(xs), then y ∈ L
implies that y =

∑
yi where ad(xs)yi = λiyi with λi ∈ F. So [xs, y] =

∑
λiyi then

φ([xs, y]) =
∑
λiφ(yi) and so φ(L) is the sum of eigenspaces of ad(φ(xs)) hence

ad(φ(xs)) is semisimple.
(2) Since ad(xn) is nilpotent there exists m ≥ 1 so that ad(xn)m = 0 so ad(φ(xn))m =

φ(ad(xn)m) = 0 then ad(φ(xn))|φ(L) is nilpotent.
�


