LIE ALGEBRAS
EXERCISES
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1. FIRST PROBLEM SET

Problem 1.1. Let A be an associative algebra over a field F. Let [-,-] : A x A — A be
defined as [z, y] = xy — yx for every x,y € A then [, -] is a Lie bracket on A.

Proof. Let z,y,z € A and o, € F then [azx + [y, z] = (ax + By)z — z(ax + By) =
alzz — zz) + Byz — zy) = afz, 2] + By, 2]

Also [z, ax+ By] = z(ax+ By) — (ax + By)z = (20 —zz)a+ (zy —y2) [ = alz, z] + B[z, y].
So, the bracket as defined is an F-bilinear map.

Now, consider [z, z] = xa — zz = 0 for ever x € A.

Finally, we may proove the Jacobi identity, to this end, consider

[, [y, 2]] = [z, ], 2] + [y, [z, 2]] = 2 (yz — 2y) — (y2 —2y)z — ([, y|z — 2[z, y]) + (y[z, 2] = [z, 2]y)
=z(yz — 2y) — (yz — zy)z — (wy — ya)z + z(wy — ya) + y(oz — 22) — (v2 — 22)y
= x(yz)—x(2y)—(yz)z—(2y)v—(2y)2—(yz) 2+ 2(2y) —2(y2) ty(v2) —y(22) — (22)y— (22)y = 0

This proves that the bracket defined is a Lie bracket. Notice that in the last step we need

A to be associative, in order to get the desired cancellation. O

Problem 1.2. Let A be an associative algebra. Then the set of derivations of A, Der(A) :=
{p: A— A€ gl(A): p(xy) = zd(y) + ¢(x)y for every x,y € A} defines a Lie subalgebra of
gl(A)
Proof. To see that Der(A) is a subspace let ¢,1 € Der(A) then (¢ + ¢)(xy) = ¢(xy) +
Y(zy) = xd(y) + ¢(x)y +z(y) + ¥ (2)y = 2(d(y) + ¥ (y)) + (o(z) + ¥ (2))y = z(o+¥)(y) +
(¢ + ) (@)y

Let a € F then (a¢)(zy) = ¢((aa)y) = azd(y) + ¢(az)y = a(zd(y) + d(2)y) = ad().
This proves that Der(A) is a subspace.

By definition of a subalgebra, we need that for any ¢, € Der(A) then [¢, 9] € Der(A),

Le., [0, ¥](zy) = [, ¥](y) + [¢, ¥](x)y. So, consider
[0, ¥](zy) = (¢ — ) (zy) = d((xy)) — Y(d(zy)) = oY (x)y + 2 (y)) — Y(P(x)y + zd(y))
= ¢p(@)y + (@)(y) + d(x)Y(y) + xdb(y) — vo(a)y — ¢()v(y) — P(2)d(y) — vve(y)
= ¢v()y + 2o (y) — o)y — 2o(y) = (¢v(x) — ¥é(x))y + x(dv(y) — vé(y))

= [, ¥](z)y + z[¢, ¥](y)
Which is the desired result. O



Problem 1.3. Let L be a Lie algebra. For x € L let ad(x) € gl(L) be defined by ad(z)y =
[,y]. Then, ad(x) € Der(A) (i.e. ad(L) C Der(A) where ad(L) = {ad(z) : x € L})

Proof. We may prove that ad(x) : L — L is a Lie algebra’s homomorphisim for a fixed
x € A. Since the bracket is bilinear then ad(z)(ay) = a - ad(x)y as well as ad(z)(y + z) =
ad(x)y + ad(x)z. Consider ad(z)(yz) = [r,yz| = z(yz) — (yz)z = (xy)z + (yx)z — y(zz) —
y(zz) = ad(x)y -z +y - ad(x)z. O

Problem 1.4. Let I and J be ideals in a Lie algebra L. Show that I 4+ J, IN.J, and [I, J]
are ideals in L.

Proof. First of all, lets write the definition of each subset,
e[+ J={x+y:zel,ycJ}
e/NJ={x:xzel and ye J}

o [I,J] =span{[z,y]:x € I and y € J}

So, we will prove that I + J is an ideal. By definition, I 4+ J is closed under addition,
so take « € Fand z+y € I + J then a(z +y) = ar + ay € I + J because ax € [
and y € J. Finally we need I 4+ J to be closed under the bracket. Let w € L then
[z +y,w] = [z,w] + [y,w] € I + J because [z,w] € I and [y, w] € J.

InJ is clearly a subspace, to see that it is an ideal, let z,y € I'NJ. Then [z,y] € I and
[x,y] € J because z,y € I and x,y € J.

Now, let > Nz, yi] € [I,J] and w € L then [> N[z, vil,w] = > N [[@i, v, w] =
>N ([, [yi, w]] — [[xs, w], yi]) but € I and [z;,w] € I and [y;,w] € J so [I,J] is an ideal.

O

Problem 1.5. Let I be an ideal of the Lie algebra L. Define [-,-] : L/T — L/I by [x+1I,y+
Il = [z,y] + I. Show that this bracket is a well defined Lie bracket in L/I.

Proof. Suppose that v + [ =o'+ 1 € L/T and y+1 =y + 1 € L/I then [z,y|+ 1 =
[+ Ly+I=["+1y +I]=[2y]+1,s0[x,y] —[2',¢] €I then [2/,y] = [x,y] + i for
some i € [ then [2/,y/] € [x,y] + I.

First, notice that [z + I,z + I]| = [z,2] + I = I (I is the zero coset in L/I). Now

e+ Lly+ L2+ 1]+ [z+1Lz+Ly+I]+y+ L [z+12+1]] =
[+ 1 [y, 2]+ 1]+ [z + 1 [,y + I+ [y + 1 [z, 2]+ 1] = [, [y, 2]] + [ [z, yl] + ys [, 2] + T =T
This proves that the bracket is a well defined Lie bracket. ]

Problem 1.6. Show that ad : L — gl(L) is a homomorphisim of Lie algebras, with kernel
Z(L).



Proof. By bilinearity of the bracket we have ad(az) = a-ad(x) and ad(x+y) = ad(z)+ad(y).
So, consider x,y,z € L then ad([z,y])z = [[z,y],2] = [z, [y, z]] = [=,[y,2]] — [y, [z, 2]] =
ad(@)ly, 2 — ad(y)lz, 2] = ad(@)ad(y)(=) — ad(y)ad(z)(2) = [ad(z), ad(y))(2).

Now consider x € ker(ad) iff 0 = ad(z)y = [z,y] for every y € L, iff x € Z(L) therefore
ker(ad) = Z(L). O

Problem 1.7. Show that the kernel of a homomorphism of Lie algebras is an ideal. Show
that the image of a homomorphism is a subalgebra

Proof. Let ¢ € gl(L), v a scalar in the field, and x,y € ker ¢. Then ¢(z+vy) = ¢(x)+¢(y) =
0 which implies that x +y € ker ¢. Also, ¢p(ax) = ap(x) = 0, so we may conclude that ker ¢
is a subspace of the Lie algebra. Let z € ker¢ and y € L then ¢([z,y]) = [¢(z), d(y)] =
[0,6(y)] = 0 then [z,y] € ker ¢, hence ker ¢ is an ideal.

Let ¢ € gl(L), « a scalar in the field, and z,y € L. So, ¢(z) + ¢(y) = ¢(x + y) implies
o(x) + d(y) € Imo. Also, ap(x) = ¢(ax), gives that I'me is a subspace of the Lie algebra.

Let ¢(x), 6(y) € Img then [$(x), 6(y)] = d([z,y)), so [6(2), d(y)] € Im, hence Imé is a
subalgebra.

0

Problem 1.8. Let I be an ideal in a Lie algebra L. Show that the map 7 : L — L/I defined
by m(z) = x + I is a homomorphisim of Lie algebras.

Proof. First, we may note that 7 is a well defined map, since the cosets in L/I define a
partition, then for every x € L there is a unique coset for which, z € x + 1 C L/I. Now,
consider w(z+y) = x+y+1I = (z+I)+(y+I) = m(z)+n(y) and m(azx) = az+I = a(z+1) =
am(z). Finally, we need to consider 7([z,y]) = [z,y]+ I =[x+ I,y + I] = [7(z),7(y)]. This
gives that 7 is a homomorphism of Lie algebras. ]

2. SECOND PROBLEM SET

0 0
{e, f,h} of sl(2,C) diagonalizes ad(h). Find the eigenvalues.
Proof. Consider,

wa=loa) (60)-6 0o
wa=() 6 5) 6 %) ()=

And obviously [h, h] = 0 then the basis diagonalizes ad(h) O

1 1
Problem 2.1. Let e = 0 , = (1) 8 ,and h = (0 01>. Show that the basis

—2e



Problem 2.2. Show that si(2,C) has no proper, nontrivial ideals.

b -
Proof. Let J C sl(2,C) be an ideal and A = (a d) € J, then [e, A] = ((c) a) € J,
. —c

0 a—d

we now bracket this with h and find [h, [e, A]] = 2 (0
c

) € J. Finally, we hit this

1
with e again, to get —[e, [, [e, A]]] = 8 0) = e € J that means e € J.
Take a look at B = A —be = | ° 2 € J, because J is a subspace. Now, }%[h, B| =
c
0 0 . . .
Lol = f € J. Then h = [e, f] € J. Since {e, f,h} are a basis then J = sl(2,C), which
yields the desired result. O

Problem 2.3. Fix a matrix S in gl(n,F) and define K, = {z € gl(n,F) : 2'S = —Sz}.
Show that K is a Lie subalgebra of gl(n,F).

Proof. Given z,y € K then (z +14)'S = (2! +y")S = 2!S +¢y!S = —Sx — Sy = —S(z + y)
then 2 +y € Ks. Given a € F then (az)!S = a(2'S) = a(-Sz) = —Sax so K is a
subspace. Finally, consider [z, y|'S = (zy —yx)'S = (zy)'S — (yz)'S = y! (2'S) — 2! (y'S) =
yt(=Sz) — 2!(=Sy) = Szy — Syx = S[z,y]. Then [z,y] € K, hence Kj is a subalgebra. [J

Problem 2.4. Let V be a complex vector space of dimension n. Suppose z € gl(V) is
diagonalizable with eigenvalues d, ..., d,,. Show that ad(x) is diagonalizable with eigenvalues
di—d]’, 1§Z,]§n

Problem 2.5. Let I C L be an ideal. Show that L/I is abelian iff L' C T

Proof. =: If L/I is abelian then for every = + I,y + 1 € L/I we have [z + [,y + I] =
[z,y] + I = I then [z,y] € I for every x,y € L hence L' C I.
<: If I’ C I then for every z,y € L, [z,y] € [ so [x+ I,y+ 1| = [z,y|+ I =1 hence L/I
is abelian.
]

Problem 2.6. Let I be an ideal in a Lie algebra L. Show that all ideals of L/I are of the
form J/I where J is an ideal in L that contains I.

Proof. Let I C L be an ideal. Consider F = {J: I C J and Jisanidealin L} and G = {K :
K is an ideal in L/T}. Define © : ¥ — G by ©(J) = J/I.

We may show that © is a well-defined bijection, this yields the desired result. So first,
we may note that © is well-defined, given J an ideal in L containing I, take z + I € J/I



and y+1I € L/I then [x+1,y+ 1] =[zx,y]+ 1 =1since z € J and y € L and J is an ideal,
then J/I is an ideal in L/I.

Now, ©(I) = I then O is injective. To see that © is surjective, take an ideal M C L/I,
let 2 +I€Mandy+1€L/Ithen [x+1,y+1]=[z,y] + € M then let M =0~ (M),
by the previous argument, M is an ideal in L that contains I and @(M )y=M

Then O is a bijection between the set of ideals in L/I and the ideals in L containing I.

O

Problem 2.7. Suppose that L is a two-dimensional Lie algebra over the field F. Show that
L' = Flz,y| where {x,y} is any basis of L.

Proof. Since every element in L is a linear combination of {x,y} then consider m,m’ € L
then [m,m'] = [ax + By, 'z + f'y] = oz, B'y] + [By,'z] = (af’ + Bd’)[x,y], then this
result can be extended linearly to L' = span {[w, 2] : w,z € L} = F[z, y]. O

Problem 2.8. Let L be a Lie algebra. Show that L/Z(L) is isomorphic to a subspace of
gl(L).

Proof. Define m : L — gl(L) by n(z) = ad(z) by Problem 1.6 7 is a homomorphisim with
kernel Z(L) by Problem 1.7 I'mm is a subalgebra. Invoking the first isomorphism theorem
completes the proof. ]

Problem 2.9. Show that gi(2,C) = si(2,C) & C

Proof. Let ¢ : C — sl(2,C) be an embeding defined as ¢ (z) = g 0 . Notice that
-z

kert) = 0, then Imwy = C. Now let ¢ : gl(2,C) — C by ¢(A) = Tr(A) then ker ¢ = si(2,C).

By the first isomorphism theorem we have gl(2,C)/sl(2,C) = C. But si(2,C)®C/sl(2,C) =

C, so, ¢l(2,C) = sl(2,C) @ C. O

3. THIRD PROBLEM SET

Problem 3.1. Show that L is solvable iff each LU) is solvable. Verify that I is an ideal of
L, then (L/I)) = (LU) 4 I)/I. Show that L is solvable iff ad(L) is solvable in gl(L).

Proof. Suppose L is solvable then there exists m > 1 so that L™ = ( since L™ ¢ L
for every n < m, then every L(™ is solvable, since (L("))(mfn) = 0. On the other hand, if
each LU) is solvable, then there exists a m > 1 so that L(™ = 0, hence L is solvable.

Now, notice that z € (L/I) can be written as x = Y [x; + I,y; + I] = Y [zj,y;] +
I € (L' +I)/I for zj,y; € L, on the other hand, for z € (L' + I)/I and w € I we
have z = Y [zj,y;] + w+ I = Y [zj,y] + 1 = Y zj+ L,y; + I) € (L/I)’. This gives
(L/I) = (L' +1I)/I. Simple induction completes the proof.



Suppose that L is solvable, then ad(L) is solvable, since it is the homomorphic image of
a solvable Lie algebra. On the other hand, if ad(L) is solvable, then there exists m > 1 so
that ad(L)™ = 0 then note that L™ C ad(L)(™ = L™ = 0 hence L™ = 0 thus L is
solvable. 0

Problem 3.2. Let L be a Lie algebra, I a solvable ideal, and K a solvable subalgebra.
Does the argument given in class extend to prove that I + K is a solvable subalgebra? Yes.
If L is not solvable then rad(L) is contained in every maximal solvable subalgebra.

Proof. Suppose L is not solvable, then rad(L) # L. Suppose K is a solvable subalge-
bra, which does not contain rad(L) then K + rad(L) D K is solvable, which contradicts
maximality of K. O

Problem 3.3. Show that TFAE:

(1) L is solvable
(2) adp,rj(v) where x € [L, L] is a nilpotent endomorphism of [L, L]
(3) [L, L] is nilpotent

Proof. (1) = (2): First of all notice that adj, 1)(z)(2) € (LM, LW] for all z € [L, L] and
that adf (z)(w) € [LM, L™)] for all w € [L, L]. But L solvable implies that there exists
m > 1 so that L™ = 0 hence [L(V, LM] =0 = adfy 1 ().

(2) = (3): Directly by applying Engel’s theorem.

(3) = (1): If [L, L] is nilpotent, then is solvable, then there exists m > 1 so that (L/)(™) =
Lm+1) = 0 then L is solvable. O

Problem 3.4. Show that the center of gi(n,F) is the space of scalar multiples of the
identity. Show that the center of sl(n,F) is 0, unless char(F) divides n, in which case the
center is the space of scalar multiples of the identity.

Proof. Let A = ol and B € gl(n,F) then [A,B] = (a)B — B(al) = aB — aB = 0 then
A € Z(gl(n,F)). On the other hand, let C = (¢;;) € Z(gl(n,F)). Then by computing
0=1[C,>, Eij] =C(>, Eij) — (>, Eij)C for a fixed 1 < j < n, we note that the only terms
that cancel are the ¢;i so the rest must be zero. So far, C' must be a diagonal matrix, but
by comparing each term in the diagonal pairwise (by applying the bracket to the respective
E;;) we obtain that every element in the diagonal must be equal.

Consider Z(sl(n,F)) C Z(gl(n,F)), then A € Z(sl(n,F)) implies A = ol then Tr(A) =
na = 0, so either a = 0 or char(F) = k - n for some integer k£ > 1. O

Problem 3.5. Show that in gi(n,F), the subalgebra of upper triangular matrices K is a
maximal solvable subalgebra.

Proof. Since K™ =0 then K is solvable. O



Problem 3.6. Show that in gl(n,[F), the transpose map A — A’ satisfies [A4, B]! =
—[A?, B]. Show that a subalgebra K is solvable (resp. nilpotent) iff K* is solvable (resp.
nilpotent). Show that rad(L) is invariant under the transpose.

Proof. [A,B]! = (AB — BA)! = B'A! — A'B! = —[A!, BY]. Suppose K is solvable (resp.
nilpotent) then there exists n > 1 (resp m > 1) so that 0 = (K(™)t = [K(m—1 K(m=D)t —
—[(K =Dyt (K=Y (resp. 0 = (K™)! = [K, K™ 1]t = —[K*, (K™ 1)!]). Then K is
solvable (resp. nilpotent). By symmetry (K = (K')!), we obtain the only if part. O

Problem 3.7. Show that the radical of gl(n,F) is Z(gl(n,F)). Identify the radical of
sl(n,F). Under what condition(s) will si(n,F) be semisimple?

Proof. Since gl(n,F) is not solvable, then by problem (3.2) then rad(gl(n,F)) C Z(gl(n,F)).
On the other hand, since Z(gl(n,F)) is a solvable ideal of gi(n,F) then Z(gl(n,F)) C
rad(gl(n,F)).

For sl(n,F), just as in (3.4) if char(F) divides n, then rad(sl(n,F)) is the space of
multiples of the identity. Otherwhise si(n,F) is semisimple. O

Problem 3.8. (1) Let A: V — V be a linear map (dimV < oo0). Suppose that v # 0
and for some power of A kills v. Let r > 1 be the least integer for which A"v = 0.
Let W = span(B) where B = {A" !, ..., Av,v}. Show that,
(a) W is A-invariant
(b) B is a linearly independent set. Find the matrix of Ay : V — V with respect

to B.
(2) If x : V — V is linear « € F, and a power of A = x — ol kills v # 0. Let

W = span {Ajv :0< j}. Show that W is z-invariant and use part (1) to find a
basis of W and the matrix of x with respect to this basis.

Proof. (1) Since AB = {A""!v,..., Av} C B then W is A-invariant. To see that B is
linearly independent, consider the linear combination agv+aj Av+...+a,_1 A" lv =
0, then apply A"~! to obtain that agA"~! = 0 hence ag = 0, continuing inductively
reducing by one the power of A to apply in each step, we obtain that a; = 0 for all
0 < j <r—1, hence B is linearly independent. By applying A to each term of the
basis, we notice that the matrix will be consisting of ones in the supdiagonal and

zeros everywhere else.



(2) Apply part (1) to A = x — ol to obtain the eigenspace of .

4. FOURTH SET OF PROBLEMS

Problem 4.1. Let N : V — V be a nilpotent linear map (dimV < oo). Let v # 0. We
call the space span {’U,NU,NQU, } the N-cyclic spaces generated by v. Show that V is
the direct sum of N-cyclic subspaces.

Proof. By induction on dimV. If dimV =1 then V = span {v} for some v # 0 and there is
nothing to prove.

Suppose that the conclusion of the proposition is true for any space with dim < dimV'.
Let N : V — V be a nilpotent linear map. Let m > 1 be the smallest integer so that
N™=0. Let K =ker N :={x € V: Nx = 0}. If ker N = {0} then N cannot be nilpotent,
so dim(ker N) > 1.

Consider V = V/ker N. Define N : V— V by N(v +ker N) = N(v) + ker N. Clearly if
N is nilpotent, so is N. Since dimV < dimV then, V is the product of N-cyclic spaces, say
‘7 = @ {ﬁj,Nﬁj,NQEj,...,ijT}j}

1<j<r
by induction hypothesis, and they are all linearly independent. Notice that N mﬂ'"Hv_j =0
which implies that N™tlv; € ker N now we will claim that {N™*1y;:1<j<r} are
linearly independent. Consider a linear combination

T T
0= Zaijj+1Uj =N Zaijfvj
j=1 Jj=1

then, a;N™iv; € ker N so N <Z§:1 aijJ'@j) =0=>" a;N™+15; but then a; = 0
for every 1 < j < r. But then the {vj,Nv]-, e ij+1vj} generate V', as desired. U

Problem 4.2. (1) Show that if x : V — V is diagonalizable and the subspace W is
x-invariant, then the restriction of z to W is diagonalizable.

(2) Show that if z,y : V' — V are diagonalizable and [z,y] = 0, then z and y are

simultaneously diagonalizable. (i.e. there exists an eigenbasis of B for both x and

y)-

Proof. (1) Let V.=Vy, & ... & V), where {\1,...,\,} are eigenvalues of = then by the
modulo law, since W is invariant under x, we have W = (WNV,,)®...& (WNV,, ),
which gives that W is the direct sum of eigenspaces of the restriction of x, hence
the restriction of = is diagonalizable.



(2) Let V=Vy, &...& V), where {\1,...,\,,} are eigenvalues of x then let v € V), since
[z,y] = 0 then zy(v) = yx(v) = y(Aiv) = N\iy(v) but then y leaves V), invariant,
so by (1) y restricted to each V), is diagonalizable. Then, there exists a basis of
eigenvectors of y that form V), wich are also eigenvectors of x. So there exists a

basis of common eigenvectors for x and ¥, so they are simultaneously diagonalizable.
O

Problem 4.3. If F is an algebraically closed field, then there exist z-invariant subspaces
ViV with V=V & .3V, so that z|y, has a matrix with respect to some basis with

the form
al 1 0 .. 0
0 ag 1 ... O
0 0 0 .. am

Proof. By the primary decomposition theorem we have that V = @;:1 ker(x — ajl,)™ =
@;_, W;, where each W; is z-invariant.

Now consider N; = (z —a;l,)|w, : W; — Wj. Since W; = ker(x — a;I,)™ then N]mj =0
so Nj; is nilpotent, then by Problem (4.1) each W, decomposes into Nj-cyclic subspaces,
then Problem (3.8) gives the form of the matrix.

g

Problem 4.4. Show that for x € ¢l(V) the Jordan decomposition z = zs + z, into

semisimple and nilpotent parts is unique.

Proof. Suppose there are two Jordan decompositions x = x5+ x,, = 2/, + 2/, then z,, — x,

n '~

x!, — x5 is a both nilpotent and semisimple operator, hence x, — ], = 2, —zs; = 0s0 x5 = x

O

and z, = z.
Problem 4.5. Show that the Lie algebra L is semisimple iff L. contains no abelian ideals.

Proof. Since every abelian ideal is automatically solvable then L semisimple cannot contain
any abelian ideal, by the definition of semisimplicity.

On the other hand, suppose that L contains no abelian ideals and suppose [ is a solvable
ideal of L, then there exists m > 1 so that I(™) = 0 but then I(™~1) is abelian, which is a
contradiction, so L contains no solvable ideals, hence L is semisimple. ]

Problem 4.6. Show that the Lie algebra L is solvable iff [L, L] C rad(k) where k is the
Killing form. (i.e. k(x,y) = Tr(ad(z),ad(y)), for all x,y € L).

Proof. <= Suppose that [L, L] C rad(k) then k(x,y) = 0 for all x € [L, L] and y € L then
by the corollary of Cartan’s criterion, L is solvable.



= If L is solvable, then by Lie’s theorem we have that x € L is upper triangularized, in
particular T'r(ad(x), ad(y)) = 0 for any =,y € L so [L, L] C rad(k). O

Problem 4.7. Let B : V x V — F be a symmetric bilinear form on V' (dimV < 00). fix a
basis § = {v1,...,v,} of V and define the n x n matrix M = [B(v;,v;)]. Let v € V. Note
that if a; € F satisfy the equation v = > | a;v;, then the column vector [a1,...,a,]" is a
solution of the matrix equation

1 B(v,v1)
1) |-
Tn B(v,vy)

(1) Show that B is nondegenerate iff det(M) # 0

(2) Assume B is nondegenerate and suppose W is a subspace of V. Let Wt =
{veV:B(v,w) =0 for all we W}. Show that dimV = dimW + dimW+.

(3) Give a low-dimensional example of a vector space V, a nondegenerate symmetric
bilinear form B and a subspace W for which W n W+ # 0.

(4) Assume B is nondegenerate and suppose W is a subspace of V' for which WnW+ =
0. Show that V = W @ W+, W = (W+)+, and B|w is non-degenerate.

Proof. (1) If B is nondegenerate then the only solution of the homogeneous system (1)
has to be the trivial solution, so det(M) # 0. The same for the converse.
(2) Let w € W+ and write it as @ = >_ a;v; then,

al B(’UN},’Ul)

then B(w,v;) = > a;B(v;,v;) then for every v; in the basis of W, B(w,v;) = 0,
but by nondegeneracy, we must have that B(v;,v;) = 0if v; € W and v; € W+ then
dimW+ + dimW < dimV but V=W UW so dimW+* + dimW = dimV .

(3) The fact that V = W @ W+ follows from the previous item and nondegeneracy gives
that W N W+ = 0. Now let w € W+ then B(v,w) = 0 for every v € (W)L so
(WL)L € W, on the other hand if w € W then B(v,w) = 0 for every v € W+ then
W c(WhL.

O

5. FIFTH SET OF PROBLEMS

Problem 5.1. Let L;, 1 < i <n be Lie algebras and let L = L1 ®...® L,, denote de exterior
direct sum.

(1) Show that L; = (0,0, ..., L;,0,...0) is an ideal of L



(2) Show that Z(L) = Z(Ly) ® ... ® Z(Ly) and [L, L] = [L1, L1] @ ... ® [Ln, Ln]-

Proof. Let z € L; and y € L be written as z = 0,...,0,2;0,..0) and y = (y1, ..., yn) then
[z, y] =D [xi, vi] = [0,01] + .. + [zi vi] + ... [0, 9n] = (0,0, ..., [zi, 4], 0, ...,0) € L;, then L;
is an ideal.

The other part follows from theorem in class and induction. O

Problem 5.2. Suppose that L is a Lie algebra, I; are ideals of L, and that L =1 &...& I,
as vector spaces. Then L = I @ ... @ I, (exterior direct sum).

Proof. Let L = I®...®1,, as exterior direct sum, we may show that L = L. Define ¢ : L — L
forz =ax14 ...+ x, € L as ¢(x) = (x1, ..., zy). Now the representation of x = z1 + ... + x,,
is unique, then ¢ is well-defined. Also ¢(z) = 0 iff z = 0 is clear, so ker ¢ = {0} hence ¢ is
injective. Let (z1,...,z,) € L then ¢(z) = ¢(z1 + ... + zp,) = (21, ..., 25) and ¢ is surjective.

Now if o, € F and x = 21 + ... + z, and y = y; + ... + y, then ¢(ax + PBy) =
(ax1 + By1, ooy @y + Byn) = a(x1, ..oy Tn) + B(Y1, oy Yn) = ad(x) + BP(y). So, ¢ is a linear
map.

Now,
¢([$,y]) = ¢([$1,y1] +...+ ['In’yn]) = ([xhyl]a ey [l‘ﬂvyn])
= (@1, 0), (W1, s )] = [6(2), B(1)
and ¢ is a Lie algebras isomorphism and this gives the desired result. O

Problem 5.3. (1) If L is simple then L is semisimple, L' = L, and Z(L) = 0.

(2) Suppose L = I; & ...@ I,, (as vector spaces) where each I; is a simple ideal in L. Let
pi : L — I; be defined by p;(z) = z; where = (x1,...,x,). Show that p; is a Lie
algebras homomorphism.

(3) Suppose J C L is an ideal then p;(J) C I; is an ideal of I;.

(4) L is semisimple.

Proof. (1) Since L' C L is an ideal, then either L' = {0} or L' = L but if L’ = {0} then
L is abelian, but by definition of simple Lie algebra, L is not abelian, so L' = L,
which implies that L is semisimple. Since L(™ = L for any n > 1. The same for
Z(L) = L implies L is abelian, so it follows that Z(L) = {0}.

(2) Let o, € F. Let 2 = (z1,...,2y) and y = (y1,...,yn). Then p;(azx + By) =
pi((ax1 + By1, ..., axy + Byn)) = az; + By = api(z) + Bpi(y) and pi([z,y]) =
pi(([z1, 1], -, [#n, yn])) = [2i, 53] = [pi(2),pi(y)]. Then p; is a Lie algebras homo-
morphism.

(3) Let x = (1,...,xy) € J and y = (y1, ..., yn) € L then [z,y] = ([x1,91], .-, [Tn, yn]) €
J, then p;([x,y]) = [zi,yi]| = [pi(z),pi(y)] € pi(J) this is true for any arbitrary y € L



and x € J. So, for any 2’ € p;(J) and y' € I;, then [2',y'] € p;(J), so p;(J) is an
ideal in I;.

(4) Consider L' C L be an ideal, by the previous result p;(L’) is an ideal of I; for each
1 <4 < n but each I; is simple, so either p;(L") = I; or p;(L') = 0, if p;(L') = I;
for all 1 <4 <n then L' = L and L is semisimple. So, suppose this is not true for
some 1 < j < n then p;(L') = 0 but this implies that I/ = 0 so I; is abelian, but I;
is simple so this cannot happend. So, L is semisimple.

]

Problem 5.4. Suppose that 0 € Iy C I C ... C I, = L where diml, = k then L is
solvable.

Proof. Since dimlI;+1/I; = 1 then each quotient is abelian. So, we may apply theorem in
class to conclude that L is solvable. ]

Problem 5.5. Suppose that ¢ : L — gl(V) is a representation of L. Let L = L/ ker ¢.
(1) Show that ¢ : L — gl(V) defined by ¢(z + ker ¢) = ¢(z) is a well-defined faithful

representation.
(2) ¢ is irreducible iff ¢ is irreducible.

Proof. (1) To see that ¢ is well-defined, let = + ker ¢ = 2/ + ker ¢ then o(x) = o(x +
ker ¢) = ¢(x' + ker ¢) = ¢(2'), so ¢ is well-defined. Also ¢(x + ker ¢ + y + ker ¢) =
oz +y+kerg) = ¢z +y) = ¢(x) + d(y) = ¢z + kerg) + ¢y + ker¢) and
d(azx + ker¢) = ¢lax) = ad(z) = ad(z + kerp). So ¢ is a well-defined linear
map. Now, ¢([z + ker ¢,y + ker ¢]) = &([x,y] +ker¢) = é([x,y]) = [¢(x), d(y)] =
[6(x), @(y)] gives that ¢ is a representation.
To show that ¢ is faithful, let 2 + ker ¢ € ker ¢ then ¢(z + ker ¢) = ¢(z) = 0 so
z € kerd so x4+ ker¢ =0 in L and so ¢ is faithful.

O

Problem 5.6. (1) Show that if the L-module V' decomposes as V = U @& W where U
and W are invariant. Then p, (U + W) = U lies in Homp(V,U).
(2) Suppose that the L-module V' is completely reducible and that Homp(V,V) = FI,
then V' is irreducible.

Proof. (1) Let u+w and v’ +w’ € V. Let o, 3 € F then p,(a(u+ w) + (v +w')) =
pulau + Bu' + aw + pu') = au+ pu’ = apy(u+ w) + Bp, (v + w'). Now let z € V
then U, W invariant, implies zu € U and zw € U 50 py(z(u+w)) = py(zu+ zw) =

xu = zpy(u + w) then p, is an intertwinning map.



(2) Since V is completely reducible then every submodule has a complement, but then
the projection map lies in Homp(V, V) then p, (U + W) = U implies that W = {0},
then V' is irreducible.

O

6. SIXTH PROBLEM SET

Problem 6.1. Suppose that V and W are L-modules. Show that the following spaces are
L-modules with the given definitions:

(1) For f € V* and x € L define z.f by (z.f)(v) = — f(z.v).

(2) ForveV,we W and z € L, define z.(v ® w) = (z.v) @ w + v ® (z.w)

(3) For f € Homp(V,W), v € V and = € L define z.f € Homyp(V,W) by (x.f)(v) =
z.f(v) — f(z.v). Show that the definition follows from the two previous ones and
the isomorphism Homp(V,W) = V* @ W.

Proof. (1) Let z,y € L, and f,g € V* then z.(f + g)(v) = —=(f + g)(z.v) = —f(z.v) —
9(20) = (@-F)(0) + (2-9)(0) also (@ +9)-F)(v) = (@ +y)v) = —f (-0 -+ yv) =
—f(zv) = f(yv) = (z.f)(v) + (y.f)(v) and ([z,y].f)(v) = = f([z,y].0) = = f(zy.v -
yr.v) = —f(xyv) + f(yx.v) = (xy.f)(v) — (yz.f)(v) so V* is an L-module.

(2) Let z,y € L, v, € V and w,w’ € W then (z+y).(v@w) = ((z+y)v) Qw+v®
(z4+y)w) = (rv+yv)Qu+v® (z.w+yw) = (zv+y0) Qw+v® (z.w+y.w) =
TORQWH YV QW+ v@rw +vRyw=z.(v Q@ w) +y.(v ® w)

Also z.(v@w+v @uw') =z.(v+ )@ (w+w')) = (z.(v+") @ (wH+ W)+ (v+
V)@ (z.(w4w)) =zo@w+zd @ +v@rw+v @rw = x.(vXw)+x.(v xW').
Now [z,y].(v X w) = (zy — yz).(v X W) = ((zy — yz).v) @W + v ((zy — yzr)w) =
(zy.v) QW —yro@w+v (ry.w) — v (yr.w) = 2zyv Qw4+ v @ (zy.w) — (yr.v ®
w+vR (yrw)) =zy.(v@w) —yz.(vw).

(3) Given f € Homyp(V,W) there exists g € V* and w € W so that f — (g,w) then
(5-£)(0) = 2.3 ©w)() = (.9 D w)(v) + (g ©T.W)(V) = —g(z-v) D+ g(v) D0 =
z.(f(v)) = f(z.v).

U

Problem 6.2. Fix a bilinear, nondegenerate, symmetric form B on a Lie algebra L. Sup-
pose that ¢ is a representation of L. We defined the Casimir cy4 in terms of the basis of L
(and its dual basis). Show that the expression for ¢4 is independent of the basis.

Proof. Consider two basis for L, B = {x1,....,2,} and B’ = {z],...,2}}, and their corre-
sponding dual basis with respect to B, A = {y1,...,yn} and A" = {y},...,y,,}. Then we
can write z; = ) a;;2’; and in this fashion get the matrix A = (a;;) so that (1, ..., x)t =
A, .. o)t

rrn



Let X = (z1,...,z,) and Y = (y1,...,yn)" as well as the primed vectors. If we denote
by M the matrix associated to the bilinear form, then I,, = XMY and I, = X'MY' =
ATTAX'MY' = A7LX MY’ but then y; = > ajiy; where A~ = (a¥). So now, we may
consider,

n n

co(B) =Y o)y =Y o | Y ayai | o | D | =D ayae («)) ¢ ()
=1 \j=1

Py j=1 i=1 j=1

=366 )
i=1
Which is the desired result. ]

Problem 6.3. Let L be a semisimple Lie algebra and suppose that ¢ : L — gl(V) is a
faithful repersentation (where I is an algebraically closed field with characteristic zero and
dimV < 00)

(1) If V is irreducible and By(z,y) = Tr(¢(2)¢(y)) then ¢, = “mL .

(2) If ¢ is not faithful, show that there exists an ideal I C L so that ¢r : I — gl(V) is
faithful and that ¢y, € Homp(V,V).

Proof. (1) Notice that T'r(cy) = > Bg(xi,y;) = dimL. Since ¢ is faithful and L

semisimple then V' is completely reducible and ¢ acts by ¢|w = Aidw then ¢y = aly
so Tr(cg) = adimV = dimL so cy = i%‘L/IV

(2) Suppose that ¢ is not faithful, then ker¢ # 0. Since L semisimple then ker¢ =
@jes I; then let I = @jcgel; then ¢y is a faithful representation on I.

O

Problem 6.4. We say that a Lie algebra L is reductive if rad(L) = Z(L).

(1) If L is reductive, show that L is completely reducible as an ad(L)-module.

(2) Prove the converse of (1)

(3) Show that if L is reductive, then L = [L, L] ® Z (L), where [L, L] is semisimple.
(4) Prove the converse of (3)

Proof. (1) Let ¢ : ad(L) — gl(L) by ¢(ad(x)) = ad(z), clearly ¢ is one-to-one. If ad(L)
is solvable then L' C L and L/L’ is abelian. Also L/rad(L) = L/Z(L) has no proper
ideals, so either rad(L) = 0 or rad(L) = L if rad(L) = L then L would be solvable
then ad(L) = 0 hence completely reducible. Otherwhise if rad(L) = 0 then L is
semisimple then L is completely reducible.

(2) f L =1 & ... ® I, where each I; is an ideal then [L,L] = [I1,11] @ ... ® [In, ;).
Since each ideal is simple, then either [I;, I;] = I; or [I;, ;] = 0 in the second case

I; C rad(L) and I; C Z(L) hence rad(L) = Z(L).



(3) If L is reductive, then kerad = Z(L) = rad(L) and Sad = L' gives L = rad(L)® L',
now L' semisimple comes from the fact that L' = L/Z(L) = L/rad(L) is semisimple.
(4) If L=[L,L)® Z(L), where [L,L] = L/Z(L) is semisimple, then by correspondence
theorem there is no solvable ideal that contains Z(L) hence rad(L) = Z(L), hence

L is reductive.
O

7. SEVENTH PROBLEM SET

Problem 7.1. Let L = sl(n+1,F). Let H = span{E;; — Eit1,i+1 : 1 <i < n}. Show that
the root vectors are Ej; (i # j).

Proof. Let h = Z/\z(Ezz — z’+1,z’+1) € H then [h, Ez’j] = Z)\Z(EkkElj — Ek+1,k+1Ez’j —
EijExk + EijEpi1k+1) = 20 Ni(0ki Bij — Op41,iEij — 0k Eij + 6561 Eij) = NiEij — Nic1 By —
)\jEij + )\jflEij = ()\1 — N1 — )\j + )\jfl)Eij U

I, In
Problem 7.2. Let L = sp(2n, F) = {m € gl(2n,F) : ( 01 0) v= ( Of 0)}

b
(1) Write x = “ J find all the conditions on x so that x € L
c

(2) Let H = span{Ej; — Eitnitn : 1 <i <n}. Show that the root vectors are:
{Eij = Ejynion : 1 <i#j<n}U{E;pn: 1 < i <n}U{E;jin+ Ejitn}

Proof. When block multiplying
( 0 In> (a b) B (at ct> (0 —In>
-1, 0 c d bt dt I, O
one obtains the following conditions: —a = d*, b = b?, and ¢ = ¢'.
Let h =" Xi(Eii — Eiyn,itn) € H then
(B, Eij) = (B, Ejnjivn] = Y Me(EkBij = EpcpnpsnEij — EijExg + Bij Biin kn)
— > M(BrkEjinitn — BrinpinEjtnitn = EjtnitnErk + EjtnitnBrinkin)
= Z Me(OinEij — 01 Eij) — M (O Ejnitn — jkEjgnitn)
= (X = ) (Eij — Ejtnign)

Now,
By Ei ] + [y Ejin] = Y M(Eh B jin = BrininEijin = EijinBrk + Eijin iy kin)
+ Z Me(ErkEjivn — ErynpinEjitn — EjivnErek + EjivnErynkin)
= Z e (Oki B jn + Ok Ei jn + OkjEjitn + EpiEjin itn)



and,
(h, Ejiyn] = Z Me(EekEiivn — ErgpnknEiivn — EiignErk + EijiinErtn kn)
= M(kiBiisn + 0kiFiitn)
=2MNE;ivn
O
1 0 0 1 0 0
Problem 7.3. Let L = o(2n+1,F) =<z € gl(2n,F): {0 0 IL,|xz=-2'|0 0 I,
0 -1, O 0 —-I, O
a b ¢
(1) Writex = | d e f | and find all the conditions on z so that z € L
g h i
(2) Let H = span{Ej; — Eijtnitn : 2 < i < n+ 1}. Show that the root vectors are:
() {Eit1,j+1 — Ejpntridns1 1 1 S0 # j < n},
(b) {Eit1j4n+1 + Ejptign1 : 1 <i<j<n}
(¢) {Fritn+1 — Eiy10:1 <i <n}
(d) {Erit1 — EBignt11:1 <i<n}
(€) {Eit1,j41 = Ejynsr,i1 1 1 <05 j <n}
a b ¢
Proof. Let x = | d e f | where e, f,g,h,i are n X n matrices, b, ¢ are row vectors, d, g
g h i
are column vectors and a € F. Then
1 0 0 a b c a d gt -1 0 0
0 0 I,||d e fl=1|b e ht 0o 0 -1,
0 -I, 0/ \g n i ¢ ftoit)\o I, o
gives the following conditions,
(1) —bvt=g
(2) =
(3) —it=e
4) —-ft=f
(5) —ht=nh
(6) a = —a =0 then (5) and (4) give Tr(z) = 0. Now the root vectors,

(@) {Eit1,j+1 — Ejgngtiant1 1 1 <i# j <n} — (Aig1 — Aj+1), as in the previous
exercise.



(b) {Eit1j4n+1 + Ejstitns1 : 1 <i < j<n} — (Niy1 + Aj4+1), as in the previous
exercise.

(€) {Britn+1 — Eip1n:1<i<n} — (A1 = Aig1)

(d) {Brit1 — Bign11: 1 <i <njf — (Aig1 — A1)

(€) {Bit1j+1 — Ejynirip 1 <i#j <n} — (Aig1 + Njg).

I, I
Problem 7.4. Let L = o(2n,F) = {x € gl(2n,F) : (f 0) z = -zt (IO 0)}

(1) Write x € L in block form and the termine the conditions on the blocks.
(2) Find an obvious n-dimensional Cartan subalgebra H, the root vectors, and the

roots.

b
Proof. Write x = “ g then the conditions for the blocks are ¢! = —b and a’ = —d.
c

As in Problem (7.3), we may write H = span{Ej; — Eiyn i+n : 1 <i <n} and the root
vectors are:
(){Elj ]+n1+n-1<z7é]<n}—>(i_)‘j)'
( ) {E’]_A,_n-f—Eer_n. 1<Z<] <’I’Z}—>()\ +)\)
(B3) {Eij = Ejni: 1 <i#j<n} — (N — Aj).
O

Problem 7.5. Let L be a semisimple Lie algebra and suppose that x = =5 + z, is the
abstract Jordan decomposition of x. Let ¢ : L — ¢l(V') be a representation of L.

(1) Show that the restriction of ad(¢(xs)) to ¢(L) is semisimple.
(2) Show that the restriction of ad(¢(xy)) to ¢(L) is nilpotent.

Proof. (1) Since ad(zs) is semisimple, L is the sum of eigenspaces of ad(xs), then y € L
implies that y = > y; where ad(zs)y; = \iy; with \; € F. So [zs,y] = > A\y; then
d([zs,y]) = D Nid(y;) and so ¢(L) is the sum of eigenspaces of ad(¢p(xs)) hence

ad(p(zs)) is semisimple.
(2) Since ad(zy) is nilpotent there exists m > 1 so that ad(z,)™ = 0 so ad(¢(x,))"™ =
¢(ad(x,)™) = 0 then ad(¢(zn))|4z) is nilpotent.
g



